ABSTRACT. In the present paper, the effect of income elasticity on demand has been considered and the buyer's optimal special order quantity and optimal time has been determined, when supplier reduces sale price then buyer may offer a discount to push his sale to increase his profit margin. Income elasticity effect in inventory analysis has been introduced to obtain the gain equation to find the optimal special order quantity and profit associated with it when remnant inventory is zero. The profit and optimal order quantity are also derived when remnant inventory is finite. The cost of saving was also determined when due to inflation rise in the sale price is imminent. Finally optimal inventory ordering policy has been discussed to get maximum profit.
Introduction
The Elasticity of demand is generally associated with the name of Alfred Marshall Elasticity of demand refers to the responsiveness or sensitiveness of demand to change in price. But, when demand is inelastic, even drastic change in price may not affect the quantity demanded in any appreciable manner: for example the "Giffen Paradox" is that "a fall in price (Giffen Goods) tends to reduce demand and a rise in its price tends to extend its demand".
A new concept of income elasticity vis-a-vis inventory models has been introduced in this article. Income elasticity demand may be measured as under : Ei = Proportionate change in the quantity demanded / Proportionate change in the income.
The optimal policies for no buyer's discount and constant demand are derived in Ardalan [1] . Optimal ordering policies in response to a permanent price increase when demand is assumed to be constant have been well documented by Ardalan [2] , Brown [3] and Taylor [10] . A model to determine the optimal ordering policies for a finite horizon consisting of two distinct time intervals characterised by different inventory parameter has been presented by Lev [6] . Models which determine the optimal special order quantity when a supplier reduces his price temporarily assume that the reduce price is in effect at the buyer's replenishment time and increase in demand. Ardalan [4] relaxes demand assumption made in most inventory system with price change.
The present paper considers the effect of income elasticity on demand and determines the buyer's optimal special order quantity and optimal time. When a supplier reduces the price temporarily, the buyer may offer a discount to his customer to push his sale and increase his profit margin. This paper brings into picture income-demand relationship which deals with classification of products into essential and non-essential goods. For non-essential goods like luxuries the income-demand relationship is considerable. The income elasticity effect into inventory analysis has been introduced in this paper and the gain equation has been obtained to find optimum special order quantity and profit associated with it when remnant inventory is zero. The optimum order quantity was also determined when there was finite remnant inventory and was extended to find the optimal time for placing such an order. The model was further modified to find the cost of saving of special purchases which a supplier announces to increase his sale price by some amount from a specified date. Finally optimal inventory ordering policy has been discussed to get maximum profit.
Model Assumptions
The model has been derived and analysed by taking the following assumptions into consideration :
1. The demand has been assumed as income-dependent and is known. A price reduction is accompanied by increase in demand and simultaneously effect of income elasticity has also been considered (Proportionate increase in income is followed by proportionate increase in demand).
2. The model is flexible in its assumption and can be suitably used to a scenario in which effect of income elasticity is insignificant (i.e. there is price elasticity).
3. The lead time has been taken to be zero to make presentation of the model simple and lucid, however, positive lead time can be easily introduced.
4. There are no shortages and demand is overcome from the remnant inventory. 5. Quantity discount is not available, and unit price is constant except when reduced price/increased price is in effect.
6. The total inventory cost during any interval is equal to long run average total cost multiplied by the length of the interval.
7. The supplier's reduced price/increased price is very short and ordering cost is relatively high so that it is not economical to place an order to just cover the demand during the fluctuation in price offered by the supplier. 
Further if, "d" is the amount which supplier offers on his sale price, and Q d is regular optimal order quantity using the reduced price, and if income elasticity effect is there, then :
If however the income elasticity effect is not there then
Q 0 = Special optimal order quantity when remnant inventory is Zero.
Q q = Special optimal order quantity when remnant inventory is not Zero. Suppose D 2 is the buyer's new annual demand after change in income elasticity of customer. At replenishment time buyer places an order of Q units at reduced price (offered by supplier). The buyer too offers a discount to his customers on all the Q units. T s is the time interval after which the supplier reduced price is not available and buyer reverts to his usual ordering policy.
The gain associated within the time interval T s is then given by :
Suppose if 'd' is the discount offered on Q d units, then purchase cost of these Q d units would be :
and the number of units bought at usual (regular) price during would be :
Therefore, the total buying cost would be :
The holding cost of the first order would be :
The holding cost during the rest of Ts would be :
The total holding cost during T s , would be :
The number of orders placed during T s , would be :
The ordering cost associated with this order will be given by
The gain associated with the usual (regular) ordering policy during Ts, would be given by :
In order to maximise gain, the difference between Gr and Gs should be maximised.
Differentiating G w.r.t Q and equating it to zero, the following is obtained :
Putting Q 0 in Eq. (14) the optimal value of G is obtained which is as follows :
The outcome of model is illustrated by a numerical example given below :
Example 1
The per capita income of a country rises with 1% growth income, and the income elasticity is 5.0. The annual demand for a product is 10,000 units when the unit price is $13.0. The ordering cost per order is $10.0 and inventory holding cost is charged at 0.25 units purchase cost. This product is regularly purchased at $10.0 per unit. The supplier is offering a discount of $2.0 per unit for a short time. There are no stocks (i.e. remnant inventory is zero) and the buyer decides to replenish his inventory and offer a discount of $1.0 to his customers and sell the units at $12.0 per unit. The annual demand at this price is 13,000 units. If effect of income elasticity is considerable and there is sufficient remnant inventory, then buyer has two options -either to buy at the reduced price of the supplier and subsequently offer discount to his customer or just avoid the business ploy and follow his usual ordering policy. If 'q is the level of remnant then to determine special order quantity the difference between G r and G s should be maximised. If per capita income rises causing rise in purchasing power of customer, the gain associated with special order quantity (G s ) and gain associated with usual ordering policy (G r ) are expressed as :
Solution
The increase in gain due to special order is G = Gs -Gr To maximise profit differentiating G.w.r.t Q and equating it to be zero, it would be :
Example 2
Consider the same Example 1 and consider that there are 100 units in the stock when the supplier's reduced price ends.
Solution
The usual (regular) optimal order quantity will be given by : The special order quantity when the remnant inventory is 100 units i.e. q = 100 would be : Q q = 12517.05 units.
The increase in gain due to this special order is G = $11438.06
To determine the optimal time for placing special order Q q , a theorem is deduced as follows :
Theorem 1
The higher the income elasticity, the smaller the level of remnant inventory and it determines the optimal time for placing order.
Proof

Proof is provided in Appendix A(a).
Theorem 2
The higher the income elasticity, the larger the level of remnant inventory, and higher is the cost of saving when price rise is imminent.
Proof
Proof is provided in Appendix A(b).
The following example illustrates the technique used :
Example 3
The data of Example 1 is taken, but now supplier announces price increase in his units from $10.0 to $11.0 on 1st of April. What should be the special order quantity on 31st of March before price increase is effective if the remnant inventory is 100 units. What will be the cost of saving when income elasticity is high? Solution D* = 10000 (1 + 5 × 1/100) = 10500 units.
The optimal special order size Q so = 4251.99 units.
The optimal cost of saving associated with this order is, G = $2092.44
Theorem 3
If tf < tr, the optimal order policy is 1) To order Q q at 'tf' of Q q > Q d otherwise 2) Order Q r at 'tr'
Proof
Proof is provided in Appendix A(c).
Numerical Results and Discussion
The price, the order quantity, and the replenishment time that maximize total profit are chosen as the optimal sale price and optimal inventory policy. The combination of the procedure and the model presented here determines the buyers optimal reduce price and the optimal inventory policy in response to a sale by a supplier under the effect of income elasticity.
The combined optimal price and optimal order quantity occurs at $12.65 per unit and 10,934.29 units respectively by Ardalan [2] , who considers incomedemand relationship. When income elasticity is taken into consideration then combined optimal price and optimal order quantity occurs at $12.35 per unit and 12,263.73 units at 1% growth of income, at $12.15 per unit and 13,687.66 units at 2% growth of income, at $12.00 per unit and 15,253.52 units at 3% growth of income respectively. The Computer results are shown in Appendix B.
The combined optimal price and optimal order quantity when remnant inventory is finite occurs at $12.65 per unit and 10,934 units respectively by Ardalan [2] . When income elasticity effect is taken into consideration then combined optimal price and optimal order quantity occurs at $12.35 per units and 12,140.00 units at 1% growth of income when there is finite remnant inventory. At 2% and 3% growth of income the optimal price and optimal order quantity are $12.15 per unit, 13,551.11 and $12.05 per unit and 14,979.06 units respectively. The Computer results are shown in Appendix B.
Conclusion
The present paper considers the effect of income elasticity on demand and determines the buyer's optimal special order quantity and optimal time. In case I, the optimal special order quantity is determined when remnant inventory is zero. The gain associated with this special order quantity is derived. A numerical example is presented to illustrate the essential features of the method. In Case 2, the optimal special order quantity is determined when remnant inventory is finite. A numerical example is presented to find optimal order quantity and gain when remnant inventory is 100 units. To determine the optimal time for placing special order quantity, Theorem 1 is deduced. In Theorem 2, the model has been further modified to find the cost of saving when price rise is imminent. Finally optimal inventory ordering policy is discussed in Theorem 3.
To illustrate the application of the procedure presented in the model a Fortran Program is developed to solve the sample problem it was seen that at 1% growth of income the gain was maximum at $12.35 per unit and after this value the gain starts decreasing. The same pattern of trend was seen at 2% and 3% growth of income. Also when remnant was finite then gain was maximum at $12.35 per unit and after this value the gain started decreasing. The same pattern of trend was seen at 2% and 3% growth of income, where the maximum gain was at $12.15 and $12.05 per unit respectively. 
Here we need to prove Gq -1 > Gq i.e. Gq -1 -Gq = positive
Which is a positive value.
(b) Proof of Theorem 2
If the supplier changes his sale policy and he stops the discount given to a customer and announces a new increased sale price Let p be the amount by which the supplier tends to increase his sale price at some date t i . The units purchased before ti will cost 'p' but purchase after ti will cost (P + p).
If D is the annual demand and E i is the income elasticity, 'q' is level of remnant inventory, then New Demand due to income elasticity = Old demand + change in demand. Simplifying and putting Q = Qq and q = qc and using Eq. (18), we get Q q / 2 = Q d 2 / 2Q q = > Q 2 q = Qd 2 Since G s > G r for any Q q > Q d as long as Eq. (A.12) holds good and optimal order size Qq at 'tf' would maximise the gain. Otherwise the usual (regular) ordering policy will be optimal.
Appendix B
To illustrate the application of the procedure presented above a Fortran program was developed to solve the sample problem. The data of Example 1 is used to compute the optimal order quantity and gain at different rates of growth of income. 
